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The phonon dispersion in the three principal symmetry directions [COO], [££0] and [£££] and 
the temperature variation of the electrical resistivity of Cu, Ag and Au have been studied by 
using a lattice dynamical model which takes into account d shell-d shell central interactions 
up to second neighbours. The calculated results have been compared with the available experi-
mental data and have been found to be in a satisfactory agreement. 

1. Introduction 

A knowledge of the behaviour of the lattice waves 
is essential in the study of numerous physical 
properties of metals such as specific heat, thermal 
and electrical conductivity etc. The prolem of 
devising an adequate description of a lattice of ions 
subject to vibration remains a major one. Never-
theless, the lattice dynamics of metals has been the 
subject of a number of recent theoretical investiga-
tions. 

Several phenomenological models [1—5] have 
been proposed for the lattice vibrations of metals. 
These models essentially use the effect of the 
electron gas on the lattice vibrations explicitly on 
the basis of the de Launey [6], Bhatia [7], Sharma 
and Joshi [8], Krebs [9] and Cheveau [10] theories. 
However, all these lattice dynamical models suffer 
from one drawback or the other. In these case of 
the transition and noble metals the main drawback 
with these approaches is the neglect of the d shell-
d shell central interactions. 

In the present paper we have used our model 
[11, 12], which takes into account the d shell-
d shell central interactions up to the second 
neighbours for the calculation of dispersion curves 
and the temperature dependence of phonon limited 
electrical resistivities along the three principal 
symmetry directions [£00], [££0] and [£££] in noble 
metals. This study is motivated by the fact that 
several authors have extensively investigated the 
elastic properties of the noble metals and that 
detailed experimental phonon dispersion curves for 
coherent inelastic neutron scattering and measure-
ments of the temperature variation of the electrical 
resistivity over a wide range of temperature are 
available. 
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2. Theory 

The secular determinant determining the angular 
frequencies a> ( = 2jtv) of the normal modes of 
vibration in a cubic lattice can be written as 

\D(q) — M co2 I \ — 0 , (1) 

where M is the mass of the atom, q the phonon 
wave vector and I the unit matrix of order three. 
The diagonal and non-diagonal elements of the 
dynamical matrix D(q) are: 

Z>ii(g) = - 2 a i [ 2 - C i ( C 2 + C3)] 
- 4a2 £i 2 - K + K2IN , (2a) 

D12(q)= -2«.1S1S2, (2b) 
where Ci = Cos (a q{), Si — Sin(a^), i = l ,2, 3, and 
a is semilattice parameter. The value of N can be 
evaluated from the determinant 

D'(q)-NI | =0. (3) 

The typical elements of the dynamical matrix 
D'(q) are expressed as 

D'n(q) = 2ß1[2-C1(C2 + C3)] 

+ 4ß2S12 + K-A'G(q), (4a) 

Dn(q) = 2ß1S1S2. (4b) 
Here we have denoted the force constants for ion 
core-ion core central interactions out to second 
neighbours by ai and y.2, nearest and next nearest 
neighbours d shell-d shell central interactions by ßi 
and ß2, ion core-d shell interactions by an isotropic 
constant K and d shell-conduction electrons inter-
actions by A'. G(q) is expressed as 

- (q + H)(q + H) e 
A'G{q) = A'2 

q + H\2 + kc2 
G 2(u1) 

I H I 2 4- kc2 
G2(U2) (5) 

where G(u) = 3 (Sin u — u cos u) u~3. 
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e is the unit polarization vector, u\ and u2 are as 
defined by Krebs [9] and kc is the Bohm-Pine 
screening parameter (kc = 0.353 (ro/ao)1/2^F; ao, 
and ky are Bohr's radius, the interelectronic 
distance, and the Fermi wave vector, respectively). 

In the long wavelength limit (q 0) the dynam-
ical parameters (ai, a2, ßi, ß2, K and A') can be 
parameterised in terms of macroscopic elastic 
constants of fee lattices by the relations 

ai + /?i = — 2a C44 , (7) 
oc2 + ß2= -i(Cn-C12-C44)a, (8) 

A'= (C12-C44)2a*kc* . (9) 

These equations, together with the three equa-
tions for the zone boundary of the transverse 
branches in the [£££] and [COO] and of the longitudinal 
branch in [COO] directions form a sufficient set of 
equations to calculate the six unknown force 
constants of the model. 

The frequency vs. wave vector dispersion curves 
along the highly symmetric directions, in which the 
lattice waves are either wholly longitudinal (L) or 
wholly transverse (T), are computed for Cu, Ag and 
Au from the solution of the secular equation (1). 
The input data for finding the force constants of 
these metals are given in Table 1 and their calcu-
lated values in Table 2. The elastic constants used 
are due to measurements of Overton and Gaffney 
[13] for Cu and Neighbours and Alers [14] for Ag 
and Au. 

In the relaxation time approximation, the phonon 
limited electrical resistivity is expressed by Ziman 
[15] as 

Qt = (m/n z e2) re_1 , (10) 

where e is the electronic charge, m the bare electron 
mass, n the number of ions per unit volume and 
z the valency of the metal. 

In the pseudopotential approximation and using 
the simplest trial function the relaxation time (for 
lattices with cubic symmetry) r e - 1 for electron 
scattering by lattice oscillations is expressed by 
Baym [16] as 

3 2 ^ ^ 

where is the Fermi wave vector, Q the solid 
angle in the wave vector space, V(q) the pseudo-
potential form factor and FF the Fermi velocity. 
S(q), the structure factor depending solely on the 
lattice dynamics of the material, is given by 

(12) S(q) = 
MkBT 

I (eqj • g)2 

(exp {ß(oqj} — 1)(1 — exp{— ß(oqj}) 

where M is the mass of an atom, coqj the angular 
frequency of the phonon wave vector q with 
polarization index j, eqj the polarization vector and 
ß = H/kBT. 

In deducing the expression (11), it has been 
assumed that the Fermi surface is spherical and the 
pseudopotential matrix element <k' | V | ky is a 
function of q alone. 

Here we report an investigation of the tempera-
ture dependence of the ideal electrical resistivity of 
noble metals using pseudopotentials for electron 
ion scattering. The pseudopotential form factors 
V (q) are taken from the Moriarty [17, 18] and 
Borchi and de Gennaro [19] models. The choice of 

Metals Elastic Constants 
( X 1011 dyn cm-2) 
C11 

Copper 16.839 
Silver 12.399 
Gold 19.234 

C12 C44 

12.142 
9.367 

16.314 

7.539 
4.612 
4.195 

Lattice Phonon frequencies (THz) 
param- in the direction 
eter [C00] m] 
Aa (A) Vh Vt fx' 

3.6147 7.20 5.09 3.40 
4.080 4.95 3.43 2.25 
4.078 4.61 2.75 1.86 

Table 1. Input data to calcu-
late atomic force constants. 

Metal ai a2 ßi ßi K A' 

Copper -26.9946 2.3656 -0.2566 0.20275 0.0897 33.3719 
Silver -23.9394 0.4437 5.1224 1.1679 33.9174 43.9167 
Gold 25.687 12.4429 -42.794 -11.1431 1233.2842 111.8203 

Table 2. Output values of force 
constants in units of 103 dyn 
cm -1 . 
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these pseudopotential models is warranted by their 
success in the understanding of various metallic 
properties. The structure factor S(q) is determined 
from Eq. (12) using our model for phonon fre-
quencies and polarization vectors. The integration 
over q is performed numerically and the angular 
integration is done by using a modification of 
Houston's spherical six term integration procedure 
as elaborated by Betts et al. [20]. The results 
obtained from a six term approximation are 
reported. The six directions used for q's are [100], 
[110] and [111], [210], [211] and [221]. 

3. Results and Discussion 

The calculated lattice waves dispersion curves 
along the three directions [C00], [CC0] and [CCC] for 
Cu, Ag and Au are plotted in Figs. 1—3 along with 
the measured values of Svensson et al. [21], 
Kamitakahara and Brockhouse [22] and Lynn et al. 
[23], respectively. The agreement between the 
theoretical and experimental curves is very good 
for Cu, but not so in the case of Ag and Au for the 
longitudinal branches in the [ C 0 0 ] and [ C C C ] direc-
tions. 

The calculated ideal electrical resistivities are 
plotted in Figs. 4—6 versus temperature. For 
comparison, we have also plotted the experimental 
values available from recent measurements. The 
most detailed observations of the electrical resistivity 
of noble metals have been performed by White and 
Woods [24] in the temperature range 200—300 K. 
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Fig. 1. Dispersion curves along the symmetry directions for 
copper. Full curves correspond to present calculations. The 
experimental points o, x and A are of Svensson et al. 
[21]. 
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Fig. 2. Dispersion curves along the symmetry directions for 
silver. Full curves correspond to present calculations. The 
experimental points o , x and A are of Kamitakahara and 
Brockhouse [22]. 
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Fig. 3. Dispersion curves along the symmetry directions for 
gold. Full curves correspond to present calculations. Ex-
perimental points o, x and • are of Lynn et al. [23]. 

Their experimental values are in close agreement 
with the recent investigations of Moore et al. [25] 
for copper and of Matsumura and Laubitz [26] for 
silver in the temperature range 80—350 K. 

As is seen from Figs. 4—6, the general behaviour 
of the computed curves is very similar to that of the 
experimental ones. Thus the present study indicates 
that the temperature dependence of the electrical 
resistivity predicted by Ziman-Baym's theory and 
employing our model for the phonon spectrum is 
reasonably consistent with experiment. The results 
further show that the electrical resistivity of metals 
is very sensitive to the detailed variation of the 
pseudopotential form factors. 
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Fig. 4. Temperature variation of electrical resistivity of 
copper. The broken curves are due to the Moriarty and the 
full curves due to the Borchi and de Gennaro models. The 
experimental points (oooo) are due to White [29], 
(•AAA) due to White and Woods [24] and (x x x x) due 
to Berman and MacDonald [30]. 

The discrepancies between theory and experiment 
observed in the present study are not unexpected 
and may be attributed to the neglect of ion core-ion 
core angular interactions, ion-core-conduction elec-
trons interactions, the assumption of short range 
interactions [27, 28] and the neglect of the flexibility 
of d-orbitals in the present calculations. The neglect 
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Fig. 6. Temperature variation of electrical resistivity of 
gold. The full curve is due to the Moriarty and the broken 
curve due to the Borchi and de Gennaro models. The ex-
perimental points ( • • • • ) are the measurements of White 
and Woods [24] and (OOOO) of Cook and VanderMeer 
[33]. 

Fig. 5. Temperature variation of electrical resistivity of 
silver. The broken curves are due to the Moriarty and the 
full curves due to the Borchi and de Gennaro models. The 
experimental points (oooo) are the measurements of 
White and Woods [24], ( • • • • ) of Matsumura and Lau-
bitz [26], (AAAA) of Fenton et al. [31] and ( 0 0 0 0 ) of 
Dugdale and Basinski [32]. 
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of anharmonic contributions such as the Debye 
Waller factor and various multiphonon processes in 
the lattice may, however, also contribute to the 
discrepancies in the electrical resistivity. At higher 
temperatures multiphonon processes become im-
portant and the one phonon approximation, on 
which formula (12) is based, become less valid. 
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